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Abstract. In this paper we classify rank two Fano bundles E on Fano man- 
ifolds satisfying H^{X,'L) = H'^{X,Z) = Z. The classification is obtained via 
the computation of the nef and pseudoeffective cones of the projectivization 
P(£'), that allows us to obtain the cohomological invariants of X and £. As a 
by-product we discuss Fano bundles associated to congruences of lines, show- 
ing that their varieties of minimal rational tangents may have several linear 
components. 



1. Introduction 

One of the most important open problems in the theory of vector bundles on 
complex projective manifolds is the existence of indecomposable vector bundles of 
low rank on the projective space. In fact, the extense literature on the subject 
shows that, even for rank two, the problem is complicated. One way in which one 
may try to tackle it is by studying the space of numerical classes of divisors on the 
projectivization P(£) of the bundle, and the cones (nef, pseudoeffective) contained 
in it. In our previous paper |MOS3j we have considered this type of argumentation 
in the setting of rank two vector bundles on Fano manifolds X with {X, Z) = 
Z) = Z, obtaining a number of results regarding the structures of the nef 
and pseudoeffective cones of P(£) and their relation with the decomposability of 
the bundle, as well as some applications. 

On the other hand, if f is a Fano bundle, i.e. if ¥{£) is a Fano manifold, we 
have a second contraction tt' : ¥{£) — ?> X' , that we may use to infer important 
properties about £ (stability, for instance) and the cones of divisors of P{£); see 
Section [5] below. In this paper we use these techniques to classify rank two Fano 
bundles on manifolds with H'^{X,Z) = H^{X,Z) = Z (see Notation [H]): 

Theorem 1.1. Let X be a Fano manifold satisfying H'^{X, Z) = H'^{X, Z) = Z, 
and lets be an indecomposable rank two Fano bundle on X. Then, up to a twist with 
a line bundle, £ is the pull-back of the universal quotient bundle on a Grassmannian 
(G(l,m) by a finite map ip : X ^ G-(1,to) where either 

• ijj is one of the embeddings given by 
(PI) P2?^G(1,2), 
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(P2) Q3 ^ LG(1,3) c G(l,3), 
(P3) P3^G(1,4)Q3 CG(1,4), 
(P4) Q5-G(1,13)k(g.) C(G(1,13), 
(P5) X(G2) = -FG(1,6)CG(1,6), 

(Dl) C G(1,4)q3 (set of lines in Q'^ meeting a fixed line), 
(D2) i;2(p2) C G(l,3) (set of secant lines to vz{¥^) C P^j, 
(D3) ^5*^ C G(l,4) (set of trisecant lines to the isomorphic projection of 
W2(P2) mto P"*), 

(C6) Vi C G(l,3) (smooth quad ric section of the Pliicker embedding); or 
• ijj factorizes by a finite covering ipi : X ^ Xi of one of the submanifolds 
of types (P1),(P2),(P3),(P4),(P5) above and, either 

(CI) X — Xi — P^ and Tpi is given by a base point free two dimensional 
linear subsystem of conies, or 
{C2-5) Xi = Q^, P^, or K{G2), X is a quadric section of the cone with 
vertex one point over the natural embedding of Xi and ipi is the 
projection form the vertex of the cone. 

Our assumptions are satisfied by many significative examples of Fano mani- 
folds, including Fano threefolds with Pic(X) ~ Z (by Poincare duality), projective 
spaces and quadrics (of dimension different from 2 and 4). Furthermore we may 
construct many other examples upon these, by considering appropriate subvari- 
eties (by Barth-Lefschetz Theorems) or cyclic coverings (by |Coj ) . Rank two Fano 
bundles over projective spaces and quadrics were already completely classified (see 
[SWU ISW2^ ISSW|, lAPWj ). With our approach we recover those classifications 
(clearly with the exception of and Q^, which do not satisfy our assumptions). 

Note that we proved in |MOSl| and |MOS2j that, up to twists, the only 
indecomposable rank two Fano bundle in G(l,m) is the universal quotient bundle 
Q. A case by case analysis of the Fano bundles appearing in the above theorem 
allows us to state the following: 

Corollary 1.2. Let X be a Fano manifold satisfying H^{X, Z) = H^{X, Z) = 
Z, and let £ be an indecomposable rank two Fano bundle on X . Then there exists an 
integer m and a finite map ^ : X ^ G(l,m) such i/iai 7/'*(Nef(P(Q))) = Nef(P(£)). 

To our best knowledge it is still an open problem to find examples of rank two 
Fano bundles on manifolds of Picard number one in which this does not hold. 

The paper is organized as follows. Section [5] is devoted to the preliminary 
results about vector bundles we have obtained in [MOSS] . In particular we recall 
the classification of Fano bundles S whose projectivization P(f ) has two different 
P^-bundle structures. If this is not the case, our hypothesis on i?*(X, Z) implies 
that P(£) has either a conic bundle structure or a divisorial contraction, according 
to a structure theorem fsee l2.3p . In Section [3] we present examples of Fano bundles 
constructed upon subvarieties of Grassmannians, showing in particular that the list 
of Theorem ll.ll is effective. 

We then study the two remaining scenarios separately: the existence of a divi- 
sorial contraction (Section^]) or of a conic bundle structure (Section[5]) on P(f ). In 
each case the classification involves computing the possible discrete invariants of £ 
and the base manifold X, as well as some other ad hoc arguments. 



A CLASSIFICATION THEOREM ON FANO BUNDLES 



3 



Finally, we have included an appendix devoted to the relations between Fano 
bundles and congruences of lines, paying special attention to their varieties of min- 
imal rational tangents. In particular we show that the VMRT of the congruence of 
trisecant lines to an isomorphic projection of a Severi variety has three linear com- 
ponents, providing negative answers to two problems posed by Hwang and Mok, 
see[0] 

1.1. Notation. Throughout this paper we will work over the field of complex 
numbers. Let us introduce some notation regarding complex projective manifolds 
that will appear in this paper. 

As usual, P™ will denote the projective space of dimension m, and Vk the k- 
th Veronese embedding. A non singular quadric of dimension m in p™+i will be 
denoted by Q™, and a Del Pezzo manifold of degree d and dimension m by VJ". 

The Grassmannian of lines in P™ will be denoted by G(l,m). The universal 
quotient bundle on G(l,m) is the rank two vector bundle Q whose determinant 
is the ample generator of Pic(G(l, m)) and whose projectivization is the universal 
family of lines in P™. Given a subvariety AI C P™, G(1,to)m stands for the 
subscheme of G(l,m) parametrizing lines contained in M. Note that for m — 2, 
we have an isomorphism (G(l,2) = P^, so that P(Q) has two P^-bundle structures 
over P^; note also that in this case P(Q) is the complete flag of the Lie group Sl(3). 

Finally we need to refer to two special subvarieties of grassmannians. Given a 
symplectic form L in C*, the subvariety of 3) parametrizing lines in P'^ = P(C'*) 
that are isotropic with respect to L is denoted by LG{1, 3). It is well known that this 
variety is a linear section of (the Pliicker embedding of) 3), hence isomorphic to 
Q^. The evaluation morphism on the projectivization P(Q|q3) defines a P^-bundle 
structure over P^, which provides an isomorphism P'^ = G(1,4)q3. In this case 
P(Q|Q3) is the complete flag of the Lie group Sp(4). 

We have a similar situation in the case of the group G2. Up to the choice of a 
maximal abelian subgroup, this group has two maximal parabolic subgroups, whose 
corresponding quotients may be identified with the contact homogeneous manifold 
K{G2) C P^"^ (that appears as the closed orbit of the adjoint representation of 
the group G2), and the quadric (Q^ C P^. The quotient ^(62) of G2 by the Borel 
subgroup has two structures of P^-bundle that allow us to describe it as the universal 
family of lines parametrized by G(l, 13)x(G2) — or as the universal family of 
lines in P^ that are isotropic with respect to a non-degenerate 4-form in (which is 
parametrized by a submanifold FG{1,6) = G(1,6)q5, isomorphic to K{G2))- The 
only rank two vector bundle over with ci = — 1 whose projectivization is i^(G2) 
is classically known as the Cayley bundle (cf. O ). 

2. Setup and preliminary results 

In this paper we will study pairs {X, E) satisfying the following assumptions: 

Assumptions 2.1. X is a complex Fano manifold of dimension n such that 
H^{X, Z) = H'^{X, Z) = Z, and £ is a rank 2 indecomposable Fano bundle on X. 

We will write Hx for the ample generator of Pic(X), S for the positive generator 
of H'^{X,Z), and we will set —Kx = iHx, ~ dE, i,d E Z. In the same way, 
the Chern classes off will be identified with integers ci and C2. The Grothendieck 
projectivization of £ will be denoted by Y := ¥{£). The natural projection from 
Y to X will be denoted by tt, its general fiber by /, the divisor associated to the 
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tautological divisor on Y by L, the pull-back tt*Hx by H and the relative canonical 
divisor Ky — n*Kx = —2L + ciH by K. 

A Fano manifold is a smooth projective variety whose anticanonical line bundle 
is ample. We have assumed that f is a Fano bundle, i.e. that is a Fano manifold 
as well. Equivalently, 

< T = t{£) := inf {teR : -K + tH is ample} < i. 

Since checking this condition on bundles of the form Ox{o-Hx) ® Ox{bHx) is 
immediate, we have restricted ourselves to indecomposable bundles (i.e. that are 
not a direct sum of line bundles) . 

Note that, by definition, —K + tH generates an extremal ray of the nef cone 
Nef(F) inside of the vector space of numerical classes of M-divisors Af^(y)M. Being 
Y a Fano manifold, generalities on Mori theory tell us that —K + tH is a semiample 
Q-divisor, associated to a contraction tt' : F — > X'. The following result follows 
from IMOSSi Theorems 2.3, 6.1, 6.3]: 

Lemma 2.2. Let {X,£) be a pair satisfying Assumptions [K7\ With the same 
notation as above: 

(1) T is strictly positive, 

(2) every fiber of tt' has dimension smaller than or equal to one, 

(3) £ is stable unless X — and Y is the blow up of along a line, and 

(4) the discriminant A — 4c2/d is strictly negative. 

Denote by /' a rational curve in Y of minimum anticanonical degree between 
curves contained in fibers of tt'. As a consequence of the second item of Lemma 
12.21 we may apply Theorem 1.2 of |W] (see also [MOSSl, Lemma 6.2]) in order to 

obtain the following result: 

Lemma 2.3. With the same notation as above, then: 
(P) either n' is a -bundle, -Ky • /' = 2, or 

(D) tt' is the blow-up of a codimension two smooth subvariety, —Ky ■ f — 1, 
or 

(C) tt' is a conic bundle with reducible fibers, ~Ky ■ f ~ 1. 
In all cases X' is smooth and Fano of Picard number one, and 

This result suggests considering separately the three cases, to which we will 
refer to as pairs {X,£) of types {P), (D) or (C). 

We will also consider the pseudoeffective cone of Y, denoted with Eff (F), which 
is the closure in N^{Y)-r of the cone generated by classes of effective divisors. It is 
generated by the classes of H and of a certain M-divisor of the form —K + pH, for 
some p e M (cf. |MOS3[ Proposition 4.12]): 

Lemma 2.4. With the same notation as in Lemma \2.3[ it follows that: 

(1) if {X,£) is of type (P) or (C), then p = r; 

(2) if {X,£) is of type (D) then < p < t and —K + pH is numerically 
proportional to the exceptional divisor of tt' . 

Moreover, in every case p and t are related by the equation: 

(1) n arg {t + \/A j + [p + = n 
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In particular, in cases (P) and (C) n is necessarily equal to 2,3 or 5. 

Denote by Hx' the ample generator of Pic{X'), by H' its pull-back to X', by 
i' the index of X' and by K' := Ky — tt'*Kx' the relative canonical divisor, and 
set 

r' := inf G R : -K' + tn'* H' is ample} . 
Consider moreover the following positive integers 
\:=-KY-f', y^-.^H-f, y.':=H'-f, v -.^ K ■ f , y':^K'-f, 
and note that: 

(2) i^ — V = —Ky ■ f' — X and i'/i' — v' 

so that we have the following intersection numbers: 



-KY-f = 2, 





-K 


H 


-K' 


H' 


/ 


2 





-v' 




/' 


— V 


M 


X 






We may then write: 



(3) 

where: 




A 





2A- vv'\ 




Xfi' 






V A 


JTx J 



Note that the sets {—K,H} and {—K',H'} generate subgroups of Pic(y) of 
indices two and A, respectively. In particular (— 2/A)(/i///') = dct(A) = ±2/A and 
we get 

Lemma 2.5. With the same notation as above, the minimal H'-degree of a 
curve contracted by tt and the minimal H-degree of a curve contracted by w' , are 
equal. 

The following proposition gives the complete list of Fano bundles whose pro- 
jectivization has a second P^-bundle structure. Note that the list corresponds to 
items (PI) to (P5) in Theorem O 

Proposition 2.6. With the same notation as above, assume that {X,£) is of 
type (P). Then Y is isomorphic to G/B where G is a simple Lie algebra of type A2, 
B2 or G2, and B is its Borel subgroup. Each contraction of Y corresponds to one 
of the two possible choices of a maximal parabolic subgroup of G. 

Let us sketch the proof of this result here; we refer the interested reader to 
|MOS3[ Theorem. 6.5] for further details. 
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Proof. By assumption we may consider Y as the projectivization of a Fano 
bundle £' over X'; let us denote its discriminant by A'. Using equation ([3]), the 
integer ~KH" can be written in terms of —K' and H' . Since and K'^ = 

A'H'^, we may reduce this polynomial to a multiple of —K'H"^: 



-(f) 



„_i Im (r' 



/A' 



i-K'H'' 



Note that A < by Lemma [221 Moreover, applying Equation ([T]) from Lemma [231 
one may rephrase the above equality as: 



-KH" = 



/XT' 



2 cos 



{nil). 



Joining this formula with its symmetric, obtained by writing —K'H'" in terms of 
—KH'^, we get: 



4cos^ 



n+1 



1, 2, 3, for n = 2, 3, 5, respectively. 



From this one may easily obtain that, up to exchange X and X', X is either 
p2 9^ G(l,2), P3 = G(1,4)q3 or = G{1,13)k{G2)^ and that the Chern classes 
of £ coincide with those of the corresponding universal quotient bundles. We con- 
clude by noting that £ is stable by Lemma 12.21 and that these universal bundles 
are determined by their Chern classes among stable bundles (cf. [HI 8.1], [OSSi 
Lemma 4.3.2], [O]). ■ 

Throughout the rest of the paper we will always assume that A = 1, i.e. that 
{X,£) is of type (D) or (C). Hence we may write: 



(4) 



A = 



I 



I v' 2-vv'\ 

^2" 2^ 

/i v 

V 2 2 / 



We finish this section by stating an straightforward lemma that will be useful later. 

Lemma 2.7. With the same notation as above, it follows that: 
(1) if {X,£) is of type (D) or (C), then Ci — i and fi are odd, and 



(2) if{X,£) is of type (D), then 



(5) 



P = 



w' - 2 



Proof. The first assertion follows from Equation ^ and the fact that {—K~ 
ciH)/2 = L is an integral divisor, so that 



2 2 



ci^L — V civ' — vv' + 2 



e 1/ 



2 2[i 

The second follows from the definition of p, since in case (D) we have E — K'. 



A CLASSIFICATION THEOREM ON FANO BUNDLES 



7 



3. Examples 

This section is devoted to the construction of examples of rank two Fano bundles 
on Fano manifolds satisfying Assumption 12.11 Since it is well known that a rank 
two vector bundle on a projective manifold may be regarded as the pull-back of 
a twist of the universal quotient bundle on a grassmannian of lines, the natural 
way of constructing examples of that kind is by considering special subvarieties of 
Grassmannians CJ(l,m), as well as finite coverings of them. 

Example 3.1. Complete intersections in Grassmannians. 

Let X be a complete intersection of k general hypcrsurfaccs of degrees di, . . . ,dk in 
the Pliicker embedding of G(l, m), and assume that k < 2m— 5 and di+- ■ ■+d^. < m. 
Then X is, by Lefschetz Theorem, a Fano manifold of Picard number one, and by 
adjunction, the restriction Q^x is a Fano bundle on X. Moreover, by jMai Thm. 
3.1], Q\x is semistable of degree one, hence it is also indecomposable. 

a) If /c < TO— 2, then the restriction of the evaluation map tt' : P(Q|x ) IP"" is a 
fiber type contraction, and the nef cones of P(Q|x) and P(Q) coincide. The general 
fiber of tt' is a complete intersection of type {di, . . . ,dk) in P'"^^. On the other 
hand, by Lefschetz Theorem again, this procedure cannot provide examples of Fano 
bundles over manifolds with H^{X,'Z) = Z unless k = 2m — 5. More concretely, 
one obtains precisely the submanifolds listed as (P2) and (C6) in Theorem ll.il 

b) If fc = TO — 1 then di = • • • = = 1 and X is a general linear section of 
G(l, to). But then the map tt' is determined by a morphism Op™ — r2pm(2), whose 
degeneracy locus has been described by Bazan and Mezzetti (see |BM1 Section 
2] and [DPI Proposition 2.4]): using their results it follows that in this case tt' : 
^{Q\x) IP"" is a divisorial contraction, and the image of the exceptional divisor 
has codimension two (it is either a rational variety if to is even or the closure of a 
scroll parametrized by an open set of a hypersurface in P"'~2 j£ ^ jg odd). Finally, 
imposing the condition H'^{X,Z) ^ Z leaves us with the case to = 4 and fc = 3, 
which is case (D3) in Theorem ll.il ■ 

In general, given any finite morphism -0 : X — > G(1,to) from a Fano manifold 
X of Picard number one, the bundle ip*{Q) is Fano if ci{il'*{Q)) is smaller than the 
index i of X. In the next example we will construct subvarieties of Grasmannians 
satisfying this property that are not complete intersections, with special emphasis 
on those satisfying H^{X, Z) = Z. 

Example 3.2. Other subvarieties of Grassmannians. 

a) The subvarieties described in (P3), (P4) and (P5) of Theorem 11.11 provide 
the first examples of Fano bundles constructed upon subvarieties of Grassmannians 
that are not complete intersections. Note that in the three cases the degree of the 
restriction of Q equals i — 2, hence we obtain more examples of Fano bundles by 
considering general hyperplane sections X of the manifolds (P3), (P4) and (P5). 
However, the only case satisfying H'^{X, Z) = H'^{X, Z) = Z (see Lemma H31 below) 
is the hyperplane section of (P3): this is (Dl), classically known as the Veronese 
surface parametrizing the set of lines in meeting a fixed one £. 

Note that the manifolds (P3) and (P5) are examples of linear congruences of 
lines, i.e. subvarieties of dimension to — 1 of G(l, to), obtained by cutting G(l, to) 
with a (not necessarily general) linear space. To our best knowledge, the classi- 
fication of linear congruences of lines with Picard number one is still open. See 
Appendix lAl for more details. 
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b) In the same manner, Quadric Grasmannians G(l,m)Qm-i and Isotropic 
Grassmanians LG(l,m), as well as some of their complete intersections, provide 
examples of Fano submanifolds of Grassmannians of Picard number one, on which 
the corresponding restrictions of Q are Fano bundles. Moreover, apart of the ob- 
vious exceptions, they are not complete intersections in Grassmannians. However, 
they do not provide new examples satisfying Assumption 12.11 

c) Case (D2) in Theorem 11.11 corresponds to the embedding of a Veronese 
surface f2(F'^) in G(l,3), which is clearly not a complete intersection. It may be 
described as the family of secant lines to a rational normal cubic C P'^. In fact, 
since Fs has no trisecants, it follows that the family is parametrized by the second 
symmetric power of Fs, that is P^, and it is easy to see that the restriction of the 
Pliicker embedding to this P^ is the complete linear system 10^2(2)1. Set, as usual, 
£ '■= Q|u2(p2). Since for every point P in P'^ \ F3 there exists a unique line secant 
to F3 passing by P, then the evaluation morphism tt' : P(f ) — ?> P"^ is the blow-up of 
P'^ along F3. Its exceptional divisor E is isomorphic to F3 x F3 and the restriction 
TT^E is the natural quotient onto P^, which is a two-to-one finite morphism. ■ 

Finally, we will show some examples of Fano bundles that arise via non injective 
morphisms -0* : X — ?> G(l, m). 

Example 3.3. Finite coverings. 

a) Cyclic coverings. Let Xi be a Fano manifold with iJ^(Xi,Z) = Z and 81 
an indecomposable Fano bundle over Xi . Let 'ip : X ^ Xihe the d-cyclic covering 
of Xi determined by the ample generator Hx^ of Pic(Xi). Let Yi and Y be the 
projectivizations of £1 and £ := il'*£i, respectively, and let Hi be the pull-back 
of to Yi. Since —Ky = tp*{—KYi — [d — l)Hi), then £ is Fano whenever 
—Kyi — {d — l)Hi is ample or, equivalently, if t(£i) -|- d — 1 is smaller than the 
index of Xi . 

For instance, starting from (PI), (P2), (P3), (P4) or (P5) the only possibility 
is d = 2 and the output of this process can be described in terms of the following 
geometric construction. Consider the second P^-bundle structure of Yi, n'l : Yi — 
P(£'() — > X[, and let Hx^ be the ample generator of Pic{X[). Note that in each 
case the bundle £[ (g) Ox[{sHx[) is globally generated and not ample for some s. 
Setting 

£' ■.^£[®Ox[{sH[)®Ox[. 

the image of the second contraction of P := F{£') is, by construction, the cone 
C{Xi) oi Xi over a point O. Let 1" be a general divisor in the linear system |C'p(2)|, 
TT be the restriction of the second contractions of P, with image X :— Tr{Y), and 
tt' : y — > X' X[ the restriction of the natural projection. 

X ^ Y X' 



C{Xi) P = F{£') ^ X[ 



Xi < ' Yi = ¥{£[) X[ 



A CLASSIFICATION THEOREM ON FANO BUNDLES 



9 



It follows that y is a P^-bundle over X via tt and a conic bundle over X' via n'. 
Furthermore, the linear projection from the point O defines a two-to-one morphism 
ip : X Xi, so that tt -.Y X is the fiber product of tti : Yi — Xi over 



X 



Y 



X.^^Y' 

Using this construction we obtain cases (C2), (C3), (C4) and (C5) out of the cor- 
responding (P)'s. Starting from (PI) we obtain a Fano bundle over = x P^. 

Note that (C6) gives another example of a Fano bundle on of type (C). 
Although its Chern classes are the same as those of the bundle corresponding to 
case (C2), the bundles themselves are different, since the corresponding second 
contractions are clearly different (see Section [5] below). 

b) Non-cyclic coverings. Let P be the cartesian product P^ x P^, F C P be 
a general divisor on P of type (1,2) and tt and tt' be the restrictions to Y of the 
natural projections. 

p2 ^ p ^ p2 X p2 ^ p2 



Y- 



By construction tt is a P -bundle and tt' is a conic bundle. Following jSWlj . the 
P^-bundle structure on Y is given by the vector bundle £ on P^ that appears as the 
cokernel of a surjective morphism Op2{—2) — Op2- In other words, the manifold Y 
is the incidence variety of the correspondence between points of P^ and conies of 
a 2-dimensional base point free linear subsystem of |C'p2(2)|. This is case (CI) in 
Theorem [TTI ■ 



4. Rank two Fano bundles v^rith a divisorial contraction 

The aim of this section is classifying pairs {X,£) of type (D). Before beginning, 
we need to introduce some notation regarding codimension two cycles on X, X' 
and Y . 

Notation 4.1. Let T C X' be the center of the blow-up tt' , and E := 
7r'~i(r) C Y the exceptional divisor. Following [GHl p. 605], H\Y,Z) is, on 
one hand, generated by the Z-basis 

{LH,H'^/d} 

and, on the other, naturally isomorphic to 

(6) H^{X', Z) ® H^{E, Z)/H^{T, Z) = iJ*(X', Z) {-E\e)H'^{T, Z). 

Note that the last isomorphism follows from Chern- Wu relation on the P^-bundle 
E ^ T. In particular we obtain that H'^{X',Z) is freely generated by a (positive) 
cycle S' and (T, Z) is freely generated by the class of an ample divisor Ht of 
the form ^H'^xi for some positive integer b. Let us also introduce the integer d', 
defined by H'^ = rf'E'. 
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Note that this description provides a second Z-basis of H'^{Y,Z), namely 

{-EH'/b,H'yd'}. 
The relation between the two Z-bases is 

'-EH'/b\ I LH 

H'^/d' ) \H'^/dJ 
where, using (j3|) and Chern-Wu relations: 

/ ^^^^ (j^'/i'A + 2ci(l - + - 2))\ 

S := ^ 

As a first step towards classification, we will show that the images into X and 
X' of the fibers of tt' and tt, respectively, have degree one with respect to the ample 
generator of the corresponding Picard group. 

Proposition 4.2. Let {X,E) he a pair of type (D). With the same notation as 
in Section\^ it follows that ^ = H ■ f = H' ■ f ~ 1, and in particular t = G Z 
and t' = v' £ Z. 

Set 7 :— gcd((i, /i), p. :— /^/7, d :— d/^. In the proof of 14.21 we will make use of 
the following auxiliary result: 

Lemma 4.3. With the same notation as above, gcd(c?, /x) = 1. 

Proof. Note first that all the entries of B are integers, in particular Bi i ~ 
{vv' — e Z. Since vv' — 1 = 1 modulo /i, it follows that 

(7) gcd(6,M) = l- 
The determinant of _B is a unit, hence we get 

(8) d {v^ - A^?) = ±Abd'. 

Since the left hand side is positive (by Lemma [2^ 4)) and v =\ modulo /i, we get 
that d = Abd' modulo /i and, in particular 

(9) 7 = gcd(d, ^) = gcd(46d', /i) = gcd(d', /z). 

The last equality follows by Lemma 12.71 and ([7|) . 

Set d' :— d'/7- Dividing by 7 in equation ([8]), the same argument as above 
provides: 

(10) gcd(d, ^i) = gcd(46J', ^i) = gcd(d', 

We conclude by showing that gcd((i', fi) = 1. Since B2.1 — vji/d' = vfi/d' is an 
integer and gcd{p,, d') = 1, it follows that i^/d' is an integer, too. But ly = 1 modulo 
/i, then d' and /i are coprime. ■ 

Proof of Proposition 14.21 By Lemma [2?7l we have p = t— , so Equation 
(IIJ in Lemma [2.41 reads as: 

arg(^(^r + VA--^) (r + %/A)" 
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In other words, we get: 

Im ((r + \/A)"+i) 2 Im ((r 

Multiplying by /i"dLfJ Z-^— A, all the terms of the corresponding expansions of both 
sides of this equation are integers. Furthermore, since Vi = —i mod /i, if we take 
classes modulo fi we get: 

(-2)(-l)"(n + 1) JL"/2J = (_i)»-12tiJL"/2J ^lod /i 

This implies, being /i odd by Lemma [2?7l and gcd(d, ^) = 1 by Lemma l43l that 
/i = 1. ■ 

In order to complete the classification of Fano bundles of type (D), we will 
study the restricted morphism tt^e '■ E X. Note that, by Proposition 14.21 and 
the change of base ^ we may write 

r'(T-Ci)-2 



(11) 



E = K' = t'L 



-H, p: 



and assert that t:^^ is a generically finite morphism of degree r'. The next result 
studies the case in which -k^e is not finite. 

Proposition 4.4. Let {X,E) he a pair of type (D). With the same notation as 
above, assume that E contains a fiber of n. Then {X,£) is of type (Dl). 

Proof. Since E contains a fiber / of tt we can compute the intersection of Ht 
with 7r'(/), getting 1 ~ H' f — bTr'*HTf- In particular 6=1. 

Moreover, by Propost ition 14 . 2 [ we know that = ^2,1 is an integer. Consid- 
ering the determinant of B one may write 
(12) 



4 = 4det(B) 



A)d 



B2,ld ( T - - ) < B2,ldT [ 1 



tan 



d' V y V V rt + 1 

where the last inequality follows from Lemma [2^ It follows that: 

• either n = 2, r = 2, B2,id = 1 and A = —4, or 

• n G {3,4}, r = 1, Ba^d = 3, A = -1/3, or 

• n e {3, 4}, r = 3, ^3,1 = d = 1, A = -3. 

Note also that, by (fTTj) and Prop. 14.21 we have p = t — 2/t', so equation ([T|) reads 
as: 



n arg 



(t + Ta) 



\/A ) =7r. 



Plugging the data above into this formula, we may compute the value of r' in each 
case, obtaining the following possibilities: 



n 


i 


T 


Cl 


C2 


d 


d' 


r' 


i' 


2 


3 


2 





1 


1 


2 


1 


3 


3 


2 


1 


-1 


1 


3 


1 


2 


4 


4 


2 


1 


-1 


1 


3 


1 


3 


5 




4 


3 


-1 


1 


1 


3 


1 


3 
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Since the fourth Bctti number of a 4-diniensional quadric is two, neither X nor 
X' can be isomorphic to Q^, and we may rule out the rows two and four. In the 
first case T is an irreducible smooth submanifold of Q'^ containing the image by it' 
of a fiber of tt. Since /i = 1 by Proposition [42] it follows that T is a line, and then 
it is straightforward that {X,£) is of type (Dl). Finally in the third case X' = 
and X is a Mukai manifold whose degree is multiple of c?^ = 9, hence a hyperplane 
section of K(G2) by |Mu| . This contradicts that H'^{X,'E) = Z by the following 
lemma. ■ 

Lemma 4.5. Let X be a hyperplane section of the Pliicker embedding of K{G2) 
mtoP". Then H^{X,'L)=I?. 

Proof. Let F{G2) be the complete flag associated to the Lie group G2, and 
let TTi : F{G2) ~^ K{G2) and tt^ : F{G2) be its two P^-bundle structures (see 

Section [OT) . The latter is the projectivization of the Cayley bundle C on Q^, so 
that TTi corresponds to evaluation of global sections of the twist C(2); this follows 
from the base change ([3]) (see also [MOSS^ Theorem. 6.5]). 
Then, the inverse image Y — n^^{X) may be identified with the blow-up of 
along the smooth zero locus of a general section of C(2) which, by [O, Thm. 3.7], 
is isomorphic to P(Tp2). Since H^{F{Tp2),Z) 5^ Z^, Equation ® tells us that 
H^{Y, Z) = Z3, and so H^{X, Z) = Z^. ■ 

Let us finally consider the case in which 7r|^ is finite. The main tool we will 
use is the following: 

Lemma 4.6. [Ll Thm. 2.1] Let (p : M ^ N be a finite morphism between 
smooth projective varieties, and let T denote the cokernel of the natural inclusion 
On 'P*Om, which is a vector bundle on N of rank deg((p) ~ 1. If J-^^ is ample 
and dim(A^) > deg((^) + 1, then ip* : H^{N,Ij) — > H^{M,Z) is an isomorphism. 

Since we know that H^{E,Z) ^ Z = H^{X,Z), this result applied to n\E 
implies that: 

Lemma 4.7. Let {X,£) be a pair of type (D). With the same notation as above, 
j/'^i'lB finite, then either X' = P"+-'^, or i = 2. 

Proof. Considering the exact sequence 

^ Op(^£^{-E) Ov(e) Oe ^ Q 

and applying tt^ we obtain: 

Q ^ Ox ^ {^\e)*Oe R^n,{Ov(e){-E)) ^ 

Setting F i?^7r* (C'p(£)(— and using ([TT]) . one gets: 

-py ^ gr'-2^ (l-^r' + Cl - 1 j . 
This bundle is ample whenever 

+ Cl - 1 r-ci 

that is, if i > 2. Note that i is strictly bigger than one, since Proposition 14.21 
implies that X is covered by rational curves of — i^x-degree equal to i. Since 
moreover deg(7r|£;) = t' = z' — 2 by equation ([TT]), the result follows directly from 
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Lemma l4!6l and the fact that the only (n + l)-dimensional manifold of mdex bigger 
than or equal to n + 2 is P"+^. ■ 

We already have all the necessary ingredients to conclude the classification of 
Fano bundles of type (D). 

Proposition 4.8. Let {X,E) be a pair of type (D). With the same notation as 
above, if tt\e ^•s finite, then {X,£) is of type (D2) or (D3). 

Proof. We claim first that X' = P"+^. Assuming the contrary, we have 
i' < n+1 and, by Lemma l4.7[ i — 2. In particular, by Lemma |2.7[ ci = —1 and we 
may write E = t' L+{t' — 1)H, so that E corresponds to a nowhere vanishing section 
of the bundle {S"^ £-){t' — 1). Since the rank of this bundle is r' + 1 = i' — 1 < n, its 
top Chern class must then be equal to zero. The condition on the top Chern class 
reads as: 

fr ( , , ,-l + \/A -1- VA , \ 

n (^(^ - — — + ^ - ij = 0. 

This means that (t' — 2j) VA + r' — 2 = for some j. Since A < (see Lemma 
it follows that r' = 2. In particular E = 2L + H = -K and p = 0, so that, 
applying Equation ([TJ, we conclude: 



arg + 



Then V —A = tan (^) which is only possible for n = 2 or 3 (cf. |Ni] ) . Since the 
first option contradicts i — 2, and we have calculated that j' = r' + 2 = 4, the only 
possibility is that X' is a 4-dimensional quadric, contradicting that H^(X' , Z) = Z. 

Let us finally consider the case X' ^ P"+^. Computing intersection numbers it 
is easy to see that a curve in F is a fiber of tt if and only if it is the strict transform 
in Y of an n-secant line of T. Hence through a general point of P"+i there is 
exactly one such line, and we may assert, in the language of |DP] . that X is the 
(irreducible) first order congruence of n-secants to T, and that T is a codimension 
two subvariety of P""*"^ with one apparent n-tuple point. Such varieties are classified 
in [DPI Theorem 0.1], and the only ones which have Picard number one are the 
twisted cubic W3(P^) C P^ and the isomorphic projection of U2(P^) into P'*. In other 
words, {X, £) is of type (D2) or (D3). ■ 



5. Rank two Fano bundles with a conic bundle structure 

In this section we will study pairs (X, £) of type (C). Note that in this case we 
already know that n equals 2, 3 or 5 (cf. Lemma l2.4p . We will start by introducing 
some notation. 

Notation 5.1. Following |AB W| . the coherent sheaf f := Tr^^Oyi-K')) is 
locally free of rank three, and the natural map Tr'*£' Oy{—K') provides an 
embedding of Y into the P^-bundle p' : P ■= P(£') X' . We wih denote with 
L' the tautological line bundle of P(f ) and the Chern classes of £' by c'^, c'2 and 
C3; c'l € H'^{X',Z) will be identified with the corresponding integer; by abuse of 
notation the pull-back p'*Hx' will be denoted again by H' . Denoting by J- the 
kernel of ■k'*£' — > Oy{—K'), the normal bundle of (the natural embedding of) Y 



14 



ROBERTO MUNOZ, GIANLUCA OCCHETTA, AND LUIS E. SOLA CONDE 



into P Xx' y can be written as Ny,px^,y = J-^ {—K'). Since the relative tangent 
bundle of P xx' Y over P restricted to Y is —K\ we conclude that: 

Ny^p - det(^^(-X')) - {-K') = -2K' - tt'* det(f ')• 
In particular it follows that 

(13) Y =n„ 2L' - c[H'. 

Finally, we will denote by i? C y the closed subset of Y where the rank of dn' is 
not maximal. Abusing of notation we will denote its cohomology class by R, too. 

It is known that 7r'(i?) is a divisor with normal crossing singularities whose 
smooth points correspond to conies consisting of two distinct lines and whose sin- 
gular points correspond to double lines (cf. [S ). The following result shows some 
well known cohomological properties of R that will be useful later on. 

Lemma 5.2. With the same notation as above, the following equalities hold: 



(14) R = ~K'Tr'*Kx' + calTy) - 7r'*C2{Tx'), 

(15) 12c[Hx' = tt'. (13X'2 + C2{Ty)) + 2Kx', 

(16) t:',R = -n'^K'^) = -c[Hx', 

(17) TT,R = {{ly' + 2){vv' - 1) + 2[v + 1)) Ux - TT,Tr'*C2{Tx'). 



Proof. From the definition of R as the degeneracy locus of dir' : Ty — > Tx', its 
cohomology class may be computed using Porteous formula, that provides equation 

m- 

On the other hand, Grothcndieck-Riemann-Roch Theorem applied to tt' and 
£' = tt\Oy{-K') states that 

ch(r)td(Tx') = tt', {ch{OY{-K'))td{TY)) . 
The codimension one part of this equality gives us: 

-Ikx'+c\Hx. = 7:'..I^-K'^ + \k'Ky + ^{KI-C2{Ty)) 

Since tt' ^{K'tt'* Kx>) = —2Kx', equation (fTS)) follows. 

The first equality of ([TBI) follows from (Chi Prop. 6]: the author shows that 
-TviiK^) = AKx' + KiR); substituting Ky by '!t'*{Kx') + K' we obtained the 
desired formula. The second follows from the combination of and p^ . Finally, 
(flT)) follows from ([T^ by projection formula and equation ([3]). ■ 

The next proposition is based on Lemma 12.41 It shows that, as in the cases 
(P) and (D), /i is equal to one. As a by-product we obtain two useful numerical 
identities. 
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Proposition 5.3. With the same notation as in Section\Mlet us further assume 
that {X,£) is of type (C). Then: 

(18) M = l. 

(19) .;.£„.^(_^)_4< 

n-1 

(20) = ^-^n- 

2" cos" 



n + 1^ 

Proof. We claim first that the following formula holds: 

(21) K'{2K' + c[H')H"'~^ = 0. 

In fact, we may consider the Chern-Wu relation for f , whose intersection with 
provides (L'^ - c[H' L'^)H'"-^ = 0. Using this is equivalent to: 

which, since — 0, may be written as L'Y^H''^^^ — 0. Restricting to Y , we 

finally obtain ((2T1) . 

We will also use the following equalities, that follow by using reduction modulo 
(if 2 - Ai/^) and the fact that arg {t + = 7r/(n + 1) by Lemma El 

n-l on— 2 

(22) H{-K + tHY' = -. ^, H\-K + ri/)"-i = ^. 



Since 

-K'H'- = ^-K+\r-^jHj i-K + rHT = ^H{-K + rHf 

we obtain: 

(23) - K'H"' = (_KH''). 

2-cos-i [-^) 

Analogously, we get 

(24) if'^i/'"-! = ^ ( 2cos2 ( - ] i-KW'). 



(n+l) 



n + 1 



cos" 

Using Equation ([211) together with and (HH) we get: 
(25) c'l = 2 ^'^^'"^' = — ( 4cos2 f - 2Z.;.' 

Denoting by k the integer 4cos^ (titt)' follows that 2(fc — 4) = mod fj,. For 
n = 3, 5 this and Lemma 12.71 imply that /i = 1. For n = 2 we have necessarily 
X ~ X' ~ P'^, so that i = 3 and is even. Hence /i = 1 in any case and equation 
(fT9| follows from (f25|l . 

Finally, the third claimed equation follows from (|23p by substituting /i = 1 and 
noting that 2if3^ = (-XiJ") and 2ii3^, = {-K'W). ■ 
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Note that, by construction, Pic(y) = Pic(P) = Z(L', H') and we may compare 
the nef cones of Y and P inside of N'^ivy ^ N'^{P)^: 

Lemma 5.4. Let {X,£) be a pair of type (C). With the same notation as above, 
Nef(P) C Nef(y) and equality holds unless Y ■ f > 0. In particular, if Y ■ f G 
{0, —1}, then P is a Fano manifold. 

Proof. The obvious inclusion Nef(P) C Nef(F) is strict if and only if there 
exists an irreducible curve C C P, not contained in Y, satisfying C ■ {L' + t' H') < 0. 
By equation (jl3p this is equivalent to: 

0<C-Y <^{c[ + 2t')C-H\ 

In particular, using ([13]) again, together with ProDOsition l5.3[ it follows that Y ■ f = 
-(c> + 2r') = -(c'l + 2r) > 0. For the second part, note that if Nef(P) = Nef(y), 
then P is Fano if and only if the anticanonical degree of / and /' is negative. Then 
the result follows by adjunction. ■ 

5.1. Determining the invariants of {X,£). Using Proposition 15. 3[ Lemma 
I2.4[ Lemma [2771 and the fact that r' > 0, we get the following possibilities for the 
cases n = 2, 3: 



n 


T 


i 


d 




t' 


i' 


^1' 


Cl 


A 


C2 


X 


X' 


c'l 


Y-f 


2 


2 


3 


1 


1 


1 


3 


1 





-12 


3 


p2 


p2 


-3 


1 


3 


1 


2 


4 


4 


2 


4 


1 


-1 


-1 


2 




p3 


-4 





2 


3 


2 


2 


1 


3 


2 





-4 


2 




Q3 


-2 






The determination of the numerical invariants of {X,£) in the case of fivefolds 
is more involved. Along the rest of the section we will show that the only possible 
values for (r, r') are (1, 3) and (3, 1), so that, using Proposition [531 Lemma [2^ and 
Lemma [^771 one easily gets the following possibilities: 



n 


T 




t' 


Hh 


Cl 


A 


C2 


X 


X' 


c'l 


Y-f 


5 


3 


4 


1 


18 


-1 


-3 


d 




K{G2) 


-2 





1 


36 


3 


2 


-1 


-1/3 


d/3 




Q5 


-6 






Lemma 5.5. Let {X,£) be a pair of type (C). With the same notation as above, 
if n — 5, then 

(r,r')e {(1,3), (1,4), (2,1), (3,1)}. 

Proof. Note first that ^ tells us that 6/r = c[+4t' e Z, hence r G {1, 2, 3}. 
Moreover we know that 1 < r' = i' — 2 hence the the classification of Fano manifolds 
of coindex < 3 (cf. |Fuj . |Mu| ) provides a finite number of possible values of H'^,. 
Comparing this list with equation ([^U]). that for n — 5 says 

tt5 _ 18 5 

one easily gets that if r is equal to 2 or 3, then r' = 1. 
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Assume now that r = 1, and let us show that m this case X' is or Q^, that 
If r' = 1, then ([T6|) and ([T9l) provide 7r'»i? = —c'j^ — —2, a contradiction. 
If r' = 2 then X' is a del Pezzo fivefold, whose classification allows us to compute 
the list of possible values of C2{X'). Plugging them into equation p7)) one gets: 



,R = < 



-9Hx if Hl^, = 1 

-3Hx if H^, = 2 

-iJx if i/i, = 3 

if = 4 



Note that we have not considered the del Pezzo fivefold of degree 5 because its 
fourth Betti number equals 2. Since tt^R is effective, we may exclude the first three 
cases. In the fourth case, 7r,i? = tells us that tt{R) has codimension bigger than 
one. But t ~ 1 implies that £{1) is nef and ci = —1 (cf. Lemma f2.7p . hence £ 
is uniform on lines, with splitting type (0,-1). In particular there is a section of 
P{£) over the general line £ contracted by tt', hence meeting R, a contradiction. ■ 

Lemma 5.6. With the same notation as in Lemma \5.5[ {t,t') ^ (2,1). 

Proof. Assume the contrary. Then by ([20)1 X and X' are two Fano manifolds 
of Picard number one and coindex three whose degrees satisfy — ^H^,. Using 
[Muj . one finds that the only possibility is — 18, H^, — 16, that is X is K{G2) 
and X' is a hyperplane section of the Lagrangian Grassmannian LG(3,6). 

Moreover c'^ = —1 by (|19l) . so that one may compute Y ■ f — ~1 < Q and 
Lemma 15.41 implies that tt extends to an elementary contraction p : P ^ Z. Since 
the exceptional locus of p is F and all the exceptional fibers oi p are P^'s, it follows 
that p is the smooth blow-up of Z along X. In particular, since Pic(P) — )■ Pic(F) 
is an isomorphism, the restriction map Pic(Z) — > Pic(A") is an isomorphism, too. 
As usual, let us denote by Hz the ample generator of Pic(Z). Since moreover 
ci = and Y|y = -2K' + H' = K/2 + H = L + H -by Lemma [Q and equations 
([3]), ([T^- it follows that the normal bundle to X in Z is £{1) and, by adjunction, 
— {Kz)^x ~ ^Hx- We may then assert that —Kz = ^Hz and that, in particular, 
the degree of Z must be smaller than or equal to 22 (cf. |Mu] ) . 

Note also that, arguing as in 14. 1[ since H'^{X',Z) = Z by Lefschetz Theorem, 
necessarily H'^{Z,Z) = Z as well. Let us denote by the positive generator of 
H'^{Z,Z), and set X — rnYiz, = dzT,z- From the computations 

22 > Hi = d%Hz^^, and 18 = H^X = = d%mHz^^, 

dz 

one may conclude = 1, so that, in particular 18 = mH^. But on the other 
hand, since = C2{£{1)) = we get m'^Hl = X^iJf = = 24, a 

contradiction. ■ 

Lemma 5.7. With the same notation as in Lemma \5.5\ {t,t') ^ (1,4). 

Proof. If (r, r') = (1,4) then X' = and X is a Fano manifold of index 3 
and degree 36 by (l20t . In particular we may identify all the Chern classes of £' 
with integers, that we will denote by c'^, c'2 and C3 as well. 

In order to exclude this case, it is enough to show that C3 is odd; in fact, since 
c'l — —10 is even -by (fT9| -. this implies that £' does not satisfy Schwarzenberger 
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condition d-^d^ = C3 (mod 2). Moreover, using recursively the Chern-Wu relation of 
£' we get 

so that it suffices to show that L'^H'^ is odd. 
Using that Y = 2L' — c[H', we may write: 

(26) L'^H'^ = -L"'H'^Y + ^L"'H"'Y +^L'^H'^Y +^L'H'^Y 
^ ' 2 4 8 16 

(27) = -K'^H'^ - ^K'^H'^ + ^K'^H"" - ^K'H'^' = 395 
^ ' 2 4 8 16 

Note that, by Lemma 12.41 A = —r^tav? (^) = —1/3, so that we have an 
equality K"^ = that in terms of i^' and H' reads as K''^ -hK' H' + 1H''^ = 0. 

Then reducing (|26p modulo this polynomial one finally gets: 

L'^H'^ = —K'H'^ = -395. 
2 

■ 

5.2. Proof of Theorem 11.11 (C). In this section we will complete the proof 
of Theorem I l.li by showing that the only pairs {X,£) of type (C), whose possible 
numerical invariants have been computed in Section [5. 11 are the pairs of types (Cl- 
6). In order to see this, we will consider the universal family q : U ^ Ai of curves 
of _ffx'-degree one in X'. By Proposition there exists a morphism ijj : X ^ Ai 
such that TT : Y X is the pull-back of q: 

X Y X' 

□ 

M^^U ^X' 

Note that, according to Section [Q] in each case is a smooth Fano manifold 
of Picard number one. Let us denote by Hm the ample generator of Pic(A^) and 
by the positive number such that —Ky^j^ + tmQ* Hm is ncf and not ample on 
U, whose computation in each case is straightforward. 



X' 


M 


tm 


X 


T 


p2 




2 


p2 


1 


p3 


G(l,3) 


1 


vi 


1 




p3 


2 


Q3 


2 


K{G2) 




3 




3 


Q5 


G(l, 6)q5 


1 




1 



In particular, since the pull-back of 
may write 

(28) ^Hm 
and conclude the following: 



—Ku\M + tmQ*Hm to Y is —K + tH, we 
— J^x, 

T 
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Proposition 5.8. Let {X,£) be a pair of type (C). With the same notation as 
above, if X isf^, orVi, then {X,£) is of type (CI), (C3), or{C4), respectively. 
IfX is Vi, then iX,£) is of type (C2) or (C6). 

Proof. In the case X = P^, from the previous discussion we get '0*J?p2 = 2_Hp2 
so that ip is given by a base point free two dimensional Hnear system on of degree 
two, i.e. {X,S) is of type (CI). 

If X is Q'^ or Vl, then '4)*Hm = Hx is very ample, so -0 consists of a linear 
projection of the associated embedding by the complete linear system \Hx\- If X 
is Q'', this already tells us that ^ : Q'' ^ P'^ is necessarily the 2 to 1 morphism 
given by a projection from any outer point; this construction provides a pair of 
type (C3). li X ^ V^, then ^ : ^ C P'' -J> C must be the projection from 
one of the (eight) points that are vertices of the singular quadrics containing X , 
and {X,£) is of type (C4). 

If X = , we have two possibilities for the morphism -0 : X C P^ — ?► ^(1, 3) C 
P^. If is given by the complete linear system \Hx\, then is the complete 
intersection of G(l,3) with another quadric, and {X,£) is of type (C6). If this is 
not the case, then il}{X) lies in a linear section of G(l, 3). Since the degree of these 
sections is two, necessarily i/i is 2 to 1 onto a 3-dimensional quadric; the center of 
projection is, again, one of the (six) points that are vertices of the singular quadrics 
containing . Note that i^iX) is smooth since this X = is not contained in 
quadrics of rank smaller than 5 (see [Rl Proposition 2.1]). ■ 

Finally we will consider the case X — IV^g, X' = Q^. Here our line of argu- 
mentation goes through the analysis of p' : P — ?> X' . Note that we have seen in 
Section [01 that in this case F • / = 0, hence Lemma [5.41 tells us that P is a Fano 
manifold and that tt : F -> X extends to a contraction p : P — > Z. Note also that, 
since Y ■ f ^ implies that the restriction of Tp to / is nef, p is of fiber type. 

Proposition 5.9. Let {X,E) be a pair of type (C), with X = W^q. Then {X,£) 
is of type (C5). 

Proof. We begin by proving that p : P ^ Z has at most a finite number 
of fibers that are different from reduced P^'s. In fact, since p is elementary and 
y • / = it follows that fibers of p meeting Y must be contained inY. In particular 
the general fiber of tt is one dimensional and, since p*Hx' ■ / = 1, every fiber of 
dimension one is irreducible and reduced. On the other hand, Y ■ f = Q tells us 
that Y is nef on P and that it has positive intersection number with curves not 
contracted by p, so that we may assert that the set J of points in Z whose inverse 
image have dimension greater than one is discrete. 

Note that, in particular, -0 : X — > = (G(1,6)q5 extends to a morphism 
Z\J ^ M., that we denote by ipM ■ 

We claim that there exists a point zq £ J such that p^^(zo) dominates X' — Q^. 
Assume the contrary; then p'~^{x) np^^(J) = for the general point x, and we 
have a non constant morphism 

(0>( °p)|p'-i(x) -p'^Hx) = F^ ^M. 

whose image is contained in the family of lines in X' passing by x, which is isomor- 
phic to Q'^. On the other hand, by ((28|) and Proposition 15 .31 we have 

{TT*rHM) ■ f = n*Hx -f'^H-f^l, 
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SO (tpM o p)* i,,Hm — Hp2, contradicting the fact that Q'^ does not contain 

IP \^ ) 

planes. 

We will study now the splitting type of £' on lines in X'. Note first that, since 
r' = 3 and c[ — —6, (see Section [O]) . £"'(3) is a nef (and not ample) bundle of 
degree 3. Given any line £ E X' the previous claim tells us that P(f (3)|^) meets 
Fq :— p~^{zo) along a curve that is contracted by p, i.e. that £'{3)\i has a trivial 
summand. li i G ^{X), there is a section of P(f (3)) over £ contained in Y and 
contracted by p. Since FqCiY = 0, this section is different from the one contained in 
V{£'{i))r]Fo and, as ci(f '(3)) = 3, it follows that £'{3)i = Of^^OiiS). Conversely 
if ^ is a line for which £'{3) has splitting (0, 0, 3), then Y meets the locus of minimal 
sections of P(f (3)|f), hence £ € ij{X). Furthermore, since £'{3) is nef, the splitting 
type of £'(3) on a line ofM\ V'(^) must be (0, 1, 2). 

Now we will prove that ip{X) C Ai is isomorphic to the natural embedding of 
K{G2) into A4 — G(l, 6)q5. Let Fg be an irreducible component of Fq dominating 
Q^. By the previous arguments -Fq meets the general p'~^{x) precisely in one point. 
Since is normal, Fq is a section of P{£'), given by a quotient £'{3) — >■ Oqs. 
Denote by J- its kernel. By |CP|, Proposition 1.2] is a nef rank two bundle on 
Q^, with first Chern class equal to 3. Then is a Fano bundle, of type (P) by 
Lemma 12.71 and so, by Proposition 12. 6[ it is a twist of a Cayley bundle C on 
with Cq5(2). Since H^{Q^,C{2)) = (cf. P Theorem 3.1]), it follows that 

(29) £'(3)^Oq5®C(2), 

and ^Pi^) may be described as the set of jumping lines of C(2), which is K{G2)- 

Finally, the isomorphism ()29p tells us that Z is a cone with vertex a point over 
ipiX) = K{G2), and that p*Hz = L' + 3H' , where Hz is the extension to Z of the 
line bundle {Hm)\-^{x)- Then, since Y is linearly equivalent to 2L' + 6H' — 2p*Hz, 
it follows that X is a quadric section of Z, i.e. that {X,£) is of type (C5). ■ 

Appendix A. Fano bundles and congruences of lines of order one 

Congruences of lines have been an object of study by algebraic geometers since 
the nineteeth century. In this appendix we will consider them in relation to our work 
on rank two vector bundles, since some of them provide interesting examples of Fano 
bundles (see Lemma I A. 31 below) . One of their most remarkable properties is that, 
under certain hypotheses, their varieties of minimal rational tangents (VMRT for 
short) might be linear and reducible fProposition IA.5)) . We present in Proposition 
lA.SI an example of this particular type of congruences, giving a negative answer to 
a problem posed by Hwang and Mok on the irreducibility and non linearity of the 
VMRT. 

Definitions A.l. A subvariety X c G(1,to) of dimension m — 1 is called a 
congruence of lines in P™. Denoting by Y the projectivization P{Q\x) of the re- 
striction to X of the universal quotient bundle Q and by n and tt' the corresponding 
projections tt : Y ^ X and n' : Y ^ P'", we define the order of X as the number 
of lines parametrized by X passing through a general point of P™ , which is zero if 
tt' is of fiber type or equal to the degree of tt' otherwise. A point y e P™ is called 
fundamental if the fiber Tr'^^{y) has dimension greater than m — dim(7r'(y)), and 
the fundamental locus Z will be the set of the fundamental points. Finally, we will 
say that a congruence has linear fibers if the images of the fibers of tt' are linear 
spaces in G(l, m). 
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Assumptions A.2. Throughout this appendix, X wih denote a smooth con- 
gruence of hues of order one in P™ satisfying Pic(A) = Z. With the same notation 
as above, we wih denote by Z C P™ its fundamental locus, and by E the excep- 
tional locus of tt' : Y = P(Q|x) — > P™, i-e. the inverse image of Z . Since tt' is 
birational between smooth varieties, then E is a, divisor. As usual, we denote by L 
the divisor associated to the tautological divisor of P(Q|x) and by H the pull-back 
to Y of the ample generator of Pic(X). 

The next result shows that congruences satisfying these assumptions provide 
examples of Fano bundles. 

Lemma A. 3. Let X he a congruence of lines satisfying A ssumptions lA . M Then 
X andY are Fano manifolds. If moreover X has linear fibers, then X is covered by 
lines and, in particular, Fic{X) is generated by the restriction to X of the Pliicker 
line bundle in G(l,m). 

Proof. We will prove that —Ky is positive on fibers of tt' , since then Y will 
be a Fano manifold by the Kleiman criterion, and so also X will be Fano by jSW2[ 
Theorem 1.6]. 

The intersection of the exceptional divisor E with the strict transform ^ of a 
line in P™ is zero. Then since the class of £ lies in the interior of NE(y) (it is 
not contracted neither by tt nor by tt') and the class of E is of the form aL + /3H, 
a> 0, it follows that E is negative on curves contracted by tt' and a > 0. Moreover 
—Ky = —TT'*Kpm — cE with c > 0, and the claim follows. 

To show the last assertion it is enough to note that E dominates X, and this 
holds because a > 0. ■ 

The next results describes the second contraction of the universal family of 
lines on a congruence satisfving lA.2l 

Lemma A. 4. Let X be a congruence of lines satisfying Assumptions lA.'B . Then 
its fundamental locus Z is irreducible and tt' : y — t- P™ is the normalization of the 
blow up off™' along Z. 

Proof. As we have seen in Lemma [A. 31 tt' is a Fano-Mori contraction with 
exceptional locus E. Moreover since Pic(X) = Z, tt' is elementary, hence E and 
its image Z C P'" (which is the fundamental locus of X) are irreducible. By the 
universal property of the blow up 6 : _B ^ P™ of P™ along tt' factorizes through 
a surjective morphism : F — )■ i?, that is finite because the Picard number of B is 
not one. Since is generically one to one, it factors via an isomorphism from Y to 
the normalization of i3. ■ 

Given a smooth variety X and a family of rational curves parametrized by M. 
such that A^a: is proper for the general point x & X, the variety of minimal rational 
tangents (VMRT for short) of X at x with respect to is the closure of the set 
of points in '¥'{Vlx,x) corresponding to the tangent lines of the general curves of the 
family M passing by x. We refer to [Hwj for a complete account on the VMRT. 
The next result shows that, at a general point, the VMRT of a congruence of Picard 
number one, order one and with linear fibers is a disjoint union of linear spaces. 

Proposition A. 5. Let X be a congruence of lines satisfying Assumptions\X^ 
and having linear fibers. Let z :— dim{Z) and set a :=£'•/ G Z, where f denotes 
the cohomology class of a fiber of tt : Y ^ X . Then a — {m — l)/{m — z — 1), X 
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has index m — z and the VMRT of X at a general point is the disjoint union of a 
linear spaces of dimension m — z — 2. 

Proof. Denote by /' the class of a hne in a fiber of tt', which, by hypothesis, 
is a minimal section of Y over a line in X . 

By Lemma IA.41 outside of the set of singular points of Z, tt' is the smooth 
blowup of Z, hence E ■ f = ~1 and Ky — Tr'*Kpm + (m — z — 1)E. In fact 
Ky — tt'* Kpm is proportional to E, and their ratio may be computed outside of the 
singular points of Z. Since L ■ f = 0, H ■ f = 1, L ■ f = 1, H ■ f = 0, we can write 

(30) E = aL-H 

from which it follows that a — {Ky • / + m + l)/(m — z — 1) = [m — 1)/ {m — z — 1) 
and ix = rn — z. 

To finish the proof we observe that, given any line t in X, tt' contracts the 
minimal section of P(Q|£) over ^, hence, given a general point x ^ X the lines 
passing through x are contained in the a linear subspaces passing through x which 
are images of the a fibers of tt' meeting 'k~^{x). This spaces have dimension m— z— 1 
by Lemma [A. 41 ■ 

The next proposition shows that the fundamental loci of a congruence with 
linear fibers satisfying Assumption I A . 2l cannot be a complete intersection in P™. 

Proposition A. 6. Let X be as in Prop. \A.5\ and assume z > 0. Then 
deg(Z) < and, in particular, Z cannot be a complete intersection. 

Proof. For fc > z we have in Y that L^EH"^^''^^ = 0, therefore, using (pO)) . 
we get 

(31) ^k^m-k ^ aL'^+^H"'-''-^, for every k> z. 
On the other hand the degree of Z is given by 

deg(Z) = L'EH""-'-^ = aL'+'^H"'-'--^ - L'H""-', 

hence, since L^H"^^^ > (because z > 0) and L'" = 1, using recursively (|5T|) we 
get 

deg(Z) < aL'+^H"'-''-^ = 

For the second part, note that if Z were a complete intersection, it would be 
contained in a hypersurface of degree smaller than a. This contradicts the fact that 
for a general point of P™ there is an a-secant line of Z. ■ 

Let us concentrate in the case Z smooth in order to use the examples appearing 
in the different classifications of smooth varieties with one apparent multiple point 
(see for instance |DPj and the references therein). If moreover z = dimZ > 2to/3, 
m > 7, then Z is conjectured to be a complete intersection. Hence the natural range 
to look for possible fundamental loci is z < 2m/ 3, where we have the following: 

Corollary A. 7. With the same notation as above, assume that Z is smooth 
and that < z < 2to/3. Then the possible values of (a, z, m) are: 

(3,2fc,3fc + l) unthk>0, (4,3,5), (4,6,9) and (5,4,6). 

Proof. Let us first show that a > 2. If a = 2 then, by Prop. IA.5[ X is a Fano 
manifold of Picard number one, covered by linear spaces of dimension m — z — 1 — 
dimX/2. This implies that X is a projective space, a quadric or a Grassmannian 
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of lines by {Sa^ Main Theorem], [NOi Corollary 5.3]. On the other hand, by Prop. 
IA.5I again, the index oi X is m — z — dimX/2 + 1, then the only possibility is 
X = Q^ whose Picard number is not one. Now a simple computation shows that 
the only possible cases are (a, z, m) = (3, 2fc, 3fc + 1), (4, 3, 5), (4, 6, 9), (5, 4, 6). ■ 

We will discuss now the existence of examples of congruences satisfying the 
properties that we have imposed in this appendix, paying attention to their VMRT's. 
For the types (4, 3, 5) and (5, 4, 6) the VMRT at the general point is a finite set 
of points; an example of type (4, 3, 5) appears by considering the congruence of 
4-secant lines to a Palatini threefold in (see [DPi Thm.0.1]), but there are not 
known examples of type (5,4,6) with Z smooth. To our best knowledge examples 
of type (4,6,9), for which the VMRT would be a disjoint union of lines, are not 
known either. 

Examples of type (3, 2fc, 3fc + 1) appear by considering congruences of trisecant 
lines of smooth projections of Severi varieties. Let us recall that a Severi variety is 
a smooth 2A:-dimensional projective variety S C p3'^+2 which can be isomorphically 
projected to P^'^+i. They have been classified by Zak (cf. (Zj Chapter 4]), who 
proved, in particular, that the only possible values of k are 1,2,4 and 8. The last 
part of this appendix is devoted to showing the following 

Proposition A.8. LetX C G(l,3fc + 1) be the closure of the family of trisecant 
lines to a general isomorphic projection Z C P^'^+i of a 2k -dimensional Severi 
variety S C p3'^'+2 , Then X is a smooth congruence of order one with linear fibers. 

Remark A. 9. In particular Proposition lA.5l tells us that the VMRT at a general 
point of X consists of the disjoint union of three linear spaces of dimension k — 1. 
Hence this gives (for fc = 2, 4, 8) a negative answer to the problems of irreducibility 
(cf. [Hwl Question 2]) and non linearity ([HMl Conjecture, p. 52]) of the VMRT 
of a Fano manifold of Picard number one. Note also that Hwang has shown that 
the number of irreducible components of the VMRT at a general point is at least 
three (cf. [Hw2| Prop. 2]). 

In [IMI the authors showed, using techniques of Representation Theory and 
Jordan Algebras, that the congruences of Proposition IA.8I are in fact linear. We 
will show how IA.8I may be obtained by using the following result due to Ein and 
Sheperd-Barron (see [ESBl Thm. 2.6]): 

Lemma A. 10. Let S C p3'^+2 be a 2k -dimensional Severi variety. The linear 
system of quadrics containing S provides an involutive Cremona transformation 
^ . p3A;+2 _^ p3fc+2^ fitting in a diagram: 



where a and a' denote, respectively, the blowing up o/P'^'^^^ along S and the blowing 
up o/p3'=+2 along S' ^ S . 

Proof of Proposition IA.8I As usual we denote hyn-.Y-^X the universal 
family of lines over X, and by tt' the evaluation morphism to P^'^+i. Let O be the 
center of the projection from p3'=+2 to pS'^+i^ which is a general point in p3'^+2^ 



B 
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We begin by showing that X is a congruence of order one. In fact we will show 
that for every P e P^'^+i \ Z passes a unique trisecant line to Z. This is equivalent 
to prove that there is a unique plane A in p3fc+2 containing the line {O, P) which 
is trisecant to S. Since, by construction, the line (O, P) does not meet S, then the 
strict transform of (O, P) via V' is a conic C. Since ip is involutive, C must meet S" 
in three points, and the strict transform via ip of the plane A' containing this conic 
is a plane A, containing {0,P), which is trisecant to S. 

Set E := Tr'~^{Z). We will prove that 7r(7r'~-'^(P)) is a fc-dimensional linear 
space for all P € Z. From this it follows that C F is an irreducible divisor and, 
by the universal property of the blowing up, the morphism n' factors via a finite 
morphism from Y to the blow up Since we have already seen that tt' is 

birational, then wc may assert that Y is in fact isomorphic to V^^'^^ . In particular 
Y is smooth of Picard number two, and we may conclude that X is smooth of 
Picard number one. 

Let P E Z he any point and consider the line {0,P). The strict transform of 
{O, P) by f/' is a line meeting the exceptional locus of a' in one point, that we denote 
by Rp. Set Qp := a{Rp), denote by Sp the (k + l)-linear space a{a'~^{a'{Rp))) 
and by rip the family of lines in Sp passing by Qp. Since, by construction, O ^ T,p, 
for every line £ G Up the linear span {0,£) is a plane containing (O, P). Since the 
line I gets contracted by ijj it follows that i meets 5 in a subscheme of length at 
least two, and the plane {0,£) is trisecant. In particular, for every P G Z we may 
identify flp with a fc-dimensional linear subspace contained in X, whose union is a 
closed subset that we denote by O c X. 

Conversely, given a general trisecant plane 11 containing a line (O, P), with Sn 
n = {P, P', P"}, since -^in is the standard Cremona trasformation with base points 
{P, P', P"}, then the point Qp coincides with (O, P) n (P', P") and (P', P") e Op. 
This shows that f2 contains a dense open set of X, so that necessarily ft = X. 

Finally, this may only occur if the obvious inclusion Op C tt'"^ (P) is an equality 
for all P. In fact, take an element r in 7r'~^(P). It lies in X = Q, so it belongs 
to rtpi for some P' <E Z. The plane {0,r) contains {0,P), by hypothesis, and it 
contains a line £ contained in Sp/. But the strict transform of {0,P) in B meets 
the exceptional divisor of a' in one point Rp, whose image Qp via a is necessarily 
£ n OP. This shows that r belongs to Op. ■ 
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